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ABSTRACT

In this work, a new distribution called the gamma-Dagum is introduced. Some of
the main properties of this distribution are derived, including, kth moment, mean,
variance, skewness and kurtosis. The estimation of parameters using the methods of
moments and maximum likelihood is also discussed. The flexibility of this distribu-
tion is illustrated in an application to a real data set.

RESUMO

Neste trabalho, € introduzida uma nova distribuicdo denominada gama-Dagum. Al-
gumas das principais propriedades dessa distribuicao sao deduzidas, incluindo o mo-
mento de ordem k&, média, variancia, coeficiente de assimetria e o coeficiente de cur-
tose. A estimacao dos parametros utilizando o método da maxima verossimilhanca
e o método dos momentos também ¢é discutida. A flexibilidade dessa distribuicao é
ilustrada em uma aplicacao a um conjunto de dados reais.

Palavras-chave: Critério de informacado de Akaike, distribuicido Dagum, distribuicio gama, mo-
mentos.

1 INTRODUCTION

In recent years, generalized distributions have been widely studied in statistics as they
possess {flexibility in applications. This is justified because the traditional distributions
often do not provide good fit in relation to the real data set studied. For example, Akin-
sete [1] proposed the beta-Pareto distribution and discussed various properties. Alzaatreh
[2] introduced and studied the gamma-Pareto distribution. Alzaatreh [3] proposed the
Weibull-Pareto distribution. Condino [4] studied the beta-Dagum distribution. Famoye
[5] presented the beta-Weibull distribution. Paranaiba [7] defined a five-parameter beta
Burr XII distribution and discussed various properties. Pascoa [8] introduced the Ku-
maraswamy generalized gamma distribution. Pinho [9] studied the gamma-exponentiated
Weibull distribution. Rodrigues [12] proposed a five-parameter distribution, the so-called
Pareto confluente hypergeometric distribution and Silva [13] studied the beta modified Wei-
bull distribution.

In this work, is presented a new distribution called the gamma-Dagum distribution.
Some of the main properties of this distribution are derived. We discuss the estimation
of the model parameters by methods of moments and maximum likelihood. Moreover, the
proposed distribution is applied to fit a real data set.
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The papper is organized as follows. In Section 2 is defined the gamma-Dagum distri-
bution and some special sub-models are discussed. The kth moment, mean, variance,
skewness and kurtosis are derived in Section 3. The estimation of parameters using the
methods of moments and maximum likelihood is discussed in Section 4. Finally, in Section
5 an application on a real data set is reported.

The calculations of this note involve the gamma function defined by

oo

I'a) = /to‘1 exp(—t)dt (1)

0

the incomplete gamma function defined by

xT

Y(e,x) = /to‘_l exp(—t)dt (2)
0

and the beta function defined by

1
B(a,b):/ (1 — ) dt (3)
0

2 THE MODEL

Let F(z) be the cumulative distribution function (CDF) of any random variable X. The
CDF of the gamma-G family of distributions defined by Ristic [11] is given by

. ( ) . 1 / log F'(z) ) g @
r)=1— —— t* exp tdt
I'(a) Jo
for > 0 and a > 0. The probability density function (PDF) associated with (4) is
_ 1 a—1
9(@) = @ [—log F(z)]" " f(x) (5)

If « = n € N, Ristic [11] states that (5) is the nth lower record value of sequence of i.i.d
variable from a population with density f(x).
The CDF and PDF of Dagum random variable, respectively, are

F(z) = (1 + Ax";)_ﬁ ©)

and p

F(x) = Aroz—071 (1 v Aﬂ) (7)
where z > 0, 5 >0, A > 0 and § > 0. The parameter ) is a scale parameter, while 5 and § are
shape parameters. Replacing (6) in (4), we obtain a new distribution, called gamma-Dagum
(GD), with CDF, for interger « > 0, given by

1 Blog(1+)\m_6) L .
G(z :1——/ t* exp tdt (8)
W=
or equivalently
_ 1 5
G(x)—l—m’y(a,ﬂlogO—k)\m )) 9
The corresponding PDF of the GD distribution is
_ABY 5 _5\ At _s\1e7t
g(x)= Ww (1 + \z > [log (1 + Az ﬂ (10)
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The failure rate function, also known as the hazard rate function, of the GD distribution
(10) is defined as

A5B201 (1 4+ Ax=%) " [log (1 4+ Ae—9)]* !

h (:C) - Blog(lJr)\m"s) (1 1)
/ t* lexp~tdt
0
Observing the expansion of the exponential function,
X (—1)i
—Zz — Z ( ) z (12)
j=0
We can express the CDF (8) as follows
0o ]ﬁa-i-j s a+j
G (z) JZ::O o [log <1+)\x )] (13)
Otherwise, the PDF (10) is given by
Aoxr—6-1 >0 Jﬁaﬂ s\1eti-1
log (1 - 14
g(x) = ESYn Z RS {og( + Az )] (14)

J

The GD distribution represents a generalization of some distributions. If A = 1 the model
reduces to the gamma-Burr III and the gamma-Fisk distribution when 5 = 1.

Some of the possible shapes of the GD density (10) and failure rate function (11) are
illustrated in Figure 1.
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FI1GURA 1: Plots of the GD density (10) and hazard rate function (11) for selected parameter values.

3 MOMENTS

Many of the interesting characteristics and features of a distribution can be studied
through its moments (e.g. tendency, dispersion, skewness and kurtosis). Therefore, it is
customary to derive the moments when a new distribution is proposed.

Lema 3.1: (Equation (2.6.10.48), [10]). For Re o > 0, Re (p — «) > 0 and |arg (cx + d)| <,

o a— — n o n "
/0 27 (cx + d) P log" (cx + d) dz = (—1) <—> o [d?B(a, p— )] .

C

JAILSON ARAUJO RODRIGUES - ANA PAULA COELHO MADEIRA SILVA 3



VOLUME 3 - NUMERO 1 MaAIo DE 2015 PAGINAS: 1 A7

Teorema 3.1: If X has the GD PDF (10), then its kth moment can be written as

B (CDelpeas gt Eok
B (x*) = (o) a(5+1)a13<1_5’5+5> (15)

foré > k.
Proof:
The kth moment about origin of the GD distribution has been obtained as
NBe [0 o o\ B ja-l
k k—6—1 s s
E<X > (o) /0 T <1+)\x ) [log <1+)\x )] dx (16)

substituting t = 279, the integral (16) can be rewritten as

ABY [ &
B(x4) = F(ﬁa)/o 5 (14 AP log (1 + A dar (17)

If § > k, the direct application of Lemma 3.1 shows that (17) can be rewritten as

B (Dol et Eok
B (x*) = (o) a(5+1)a—1B<1_5’ﬁ+5> (18)

In particular,

E(X) = (_1)1?(;?% ﬁ:1 B( £+ ) (19)
E(X?) = (_1)16:(_;)5”5 ﬁ:1 B (1 % > (20)
B (X?) = (_1)§E;)5QA“ le __p (1 28+ > 21)
50 = S e (1 50+ 5) =

The variance, skewness, and kurtosis measures can now be calculated using the relati-
ons

Var (X) = E (X?) — B*(X) (23)
Skewness (X) = E(X7) - 3EV(a7°1))’/2 ()(())() + 28 (X) (24)
4y _ 2 4
Kurtosis (X) = EX)-4EX)E Vaj:;j(E )(X ) B —38 () (25)

4 ESTIMATION

In this section, we consider estimation of the four parameters by method of moments
and the maximum likelihood of the gamma-Dagum distribution. Let x4, ...z, be a random
sample of size n from the GD distribution given by (10). Under the method of moments,
equating E (X7) with the corresponding sample moment,

1
==Y al, j=1,...4 (26)
nizl
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respectively, one obtains the system of equations

(_1)0471/8&)\% aafl ] j - | .
F(a) 8(54_1)@_13(1—5764‘5) —M], j—l,...74 (27)

which can be solved simultaneously to give estimates for «, 8, A and 4.
The log-likelihood for a random sample z,...,z, from the GD distribution given by (10)
is:

log L (e, B, A, 0) = nlog A+ nlogd + nalog f + (o — I)ZIOg (log (1 + )\xi—(S)) _
i=1

~@E+1) logz; —nlogT(a) - (B+1) S log (1 + Ax;5) 28)
i=1 i=1
The derivatives of this log-likelihood with respect to o, 3, A and § are:
alogL . i -5
o~ = nlog i+ Zl log <log (1 + Az )) — () (29)
8logL nao
1 1+ Az,
5% =5 5Zog<+ z?) (30)
Olsl _n g LGRS P HIY) o S 61
Ao <1 + Az ) log <1 + )\56;5) o Lt )‘xi_é
alogL _n_ Z Ma—1)x 10gaci Z ‘slog:vl- (32)
o = <1+)\x )10g(1+)\x_5> 1 1+)\$

where ¢(z) = dlogI'(x)/dz is the digamma function. Setting these expressions to zero and
solving them simultaneously yields the maximum-likelihood estimates of the four parame-
ters.

5 APPLICATION

In this section, we use a real data set to compare the fits of the GD distribution (10) with
three generalized distributions: beta-Dagum (BD), beta-Pareto (BP) and Pareto confluente
hypergeometric (PCH) distributions. The data set given in Table 1 represents the failure
times of the air conditioning system of an airplane reported in Linhart [6].

TABELA 1: Failure times of the air conditioning system of an airplane.

1 3 ) 7 11 11 11 12 14 14
14 16 16 20 21 23 42 47 52 62
7171 87 90 95 120 120 225 246 261

The maximum likelihood estimates (MLE) and the Akaike Information Criterion(AIC)
values for the fitted distributions are reported in Table 2. The results show that the gamma-
Dagum distribution provides a significantly better fit than the other three models.

Figure 2 display the probability plots and supports the results shown in Table 2. The
fitted distributions superimposed to the histogram of the data in Figure 3 reinforce the
results found for the gamma-Dagum.
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TABELA 2: The MLE and AIC of the models based on data set.

Distribution MLE AIC
BD G=1297, b=1791, 3 =220, 6 =0.33, A\ =4.68 312.93
BP 4 =502, b=1290, k=0.35 5=0.55 323.96
GD a=12.01, B=1249, § = 0.35, A = 4.94 311.16
PCH a=516, b=1250, ¢=0.24, k=031, 5=055 322.30
BD BP GD PCH
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FIGURA 2: Probability plots from the fitted BD, BP, GD and PCH for the failure times of the air
conditioning system data.
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FIGURA 3: Estimated densities of the models from the fitted BD, BP, GD and PCH models for the
failure times of the air conditioning system data.

6 CONCLUSION

This article defined the gamma-Dagum distribution. Several properties of the new dis-
tribution were investigated, including moments, failure rate function. The estimation of
parameters by the method of moments and the maximum likelihood have been discussed.
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An application of the gamma-Dagum distribution to real data show that the new distribu-
tion can be used quite effectively to provide better fits than the beta-Dagum, beta-Pareto
and Pareto confluente hypergeometric distributions.
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