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Abstract. In this study, we introduce a new class of integers called the sequence of generalized bi-
periodic Lucas-balancing numbers, which extends the well-known sequence of Lucas-balancing num-
bers. We present several fundamental properties, including the deduction of the corresponding generating
function, as well as homogeneous and non-homogeneous recurrence relations associated with this new
sequence. We also formulate generalized versions of Binet’s formulas for these numbers. In addition,
we investigated the validity of several classical identities within this new context, such as the Tagiuri-
Vajda, d’Ocagne, Catalan, and Cassini identities, considering the two different cases of the discriminant
value of the equation polynomial associated with the recurrence relation. These extensions contribute to
a structural and algebraic deepening of the properties of Lucas-balancing numbers.

Keywords . Lucas-balancing sequence, bi-periodic sequence, identities, analytic representations.

UMA NOTA SOBRE OS NUMEROS BI-PERIODICOS LUCAS-BALANCEADOS
GENERALIZADOS

Resumo. Neste estudo, introduzimos uma nova classe de nimeros inteiros denominada sequéncia dos
nimeros biperiddicos Lucas-balanceados generalizados, que amplia a conhecida sequéncia dos nimeros
Lucas-balanceados. Apresentamos diversas propriedades fundamentais, incluindo a dedugao da fungao
geradora correspondente, além de relacdes de recorréncia homogéneas e ndo homogéneas associadas a
nova sequéncia. Também formulamos versdes generalizadas das férmulas de Binet para esses nimeros.
Além disso, investigamos a validade de varias identidades cldssicas dentro desse novo contexto, como
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as identidades de Tagiuri-Vajda, d’Ocagne, Catalan e Cassini, considerando dois casos distintos depen-
dentes do valor do discriminante da equagao caracteristica associada a recorréncia. Essas extensdes con-
tribuem para o aprofundamento estrutural e algébrico das propriedades dos nimeros Lucas-balanceados.

Palavras-chave. Sequéncia de Lucas-balanceados, sequéncia bi-periddica, identidades, representagdo

analitica.

UNA NOTA SOBRE LOS NUMEROS BI-PERIODICOS LUCAS-BALANCEADOS
GENERALIZADOS

Resumen. En este estudio proponemos una nueva clase de niimeros enteros denominada sucesién de
ndmeros biperiédicos generalizados Lucas-balanceados, que amplia la conocida sucesiéon de nimeros
Lucas-balanceados. Presentamos varias propiedades fundamentales, incluida la deduccién de la funcién
generatriz correspondiente, asi como relaciones de recurrencia homogéneas y no homogéneas asociadas
a la nueva sucesidon. También formulamos versiones generalizadas de las férmulas de Binet para estos
nimeros. Ademds, investigamos la validez de varias identidades clésicas dentro de este nuevo contexto,
como las identidades Tagiuri-Vajda, d’Ocagne, Catalana y Cassini, considerando dos casos diferentes.
Estas extensiones contribuyen a una profundizacion estructural y algebraica de las propiedades de los
nimeros Lucas-balanceados.

Palabras clave. Sucesién del Lucas-balanceados, sucesion bi-periddica, identidades, representacion
analitica.

1 Introduction

Integer sequences are an interesting subject of research because of their applications in various
areas of science. This topic is explored from several perspectives, such as matrix, combinato-
rial, and analytical perspectives. Consequently, a wide range of sequences has been introduced
and generalized. One of these generalizations is the bi-periodic sequence. The bi-periodic se-
quences, such as the well-known bi-periodic Fibonacci and bi-periodic Lucas sequences, extend
the concept of traditional mathematical sequences in terms of index parity.

The first case that appears in the literature is the bi-periodic Fibonacci sequence, introduced
by Edson and Yayenie in [1]. The authors denoted the sequence as {Féa’b)}nzo and defined by

Flab) _ aFéf’l{) + Fé‘fg), if n is even,
n b L FOD it n s odd,
for any real nonzero numbers a and b and n > 2, with initial conditions given by Féa’b) =0 and
Fl(a’b) = 1. Therefore, this definition and these results were extended to other sequences:
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1. Bilgici introduced the bi-periodic Lucas sequence in [2]],

2. Uygun and Karatas introduced the bi-periodic Pell-Lucas numbers in [3]],

3. Uygun and Owusu introduced the bi-periodic Jacobsthal numbers in [4], and,
4. Catarino and Spreafico introduced the bi-periodic Leonardo sequence in [5]].

In recent years, a number of studies have emerged focusing on a wide variety of sequences.
In these studies, the introduced bi-periodic sequence was analyzed, and its recurrence relations,
properties, generating functions, and Binet’s formula were established.

In this article, we aim to generalize both the sequence of Balancing numbers and the se-
quence of Lucas-balancing numbers. The concept of balancing numbers was first introduced by
Behera and Panda [|6] in 1999 in connection with a Diophantine equation. It consists of finding
a natural number n such that

14243 4n—-1)=n+1)+0n+2)+-+n+7),

for some natural number 7. In this context, n is called the balancing number and r is the balancer.
Denote {B,, },>o the sequence of balancing numbers. In [6], Behera and Panda first obtained
the recurrence relation

Bny1 =68, — B, 1,

for n > 1, and with initial terms By = 0 and B; = 1, and then developed the Binet formula,
generating function and several identities by solving this recurrence relation as a second-order
linear homogeneous difference equation. It is well known that b is a balancing number if and
only if the number 8% + 1 is a perfect square, according to Ray [7] this motivated the defi-
nition of the Lucas-balancing numbers. Denote the sequence {C), },,>¢ of the Lucas-balancing
numbers corresponding to the balancing numbers { B, },,>¢ defined by

It is interesting to note that the sequence of Lucas-balancing numbers satisfies the same recur-
rence relation as that of balancing numbers, namely,

On—i—l = 6Cn - Cn—b

for n > 1, and initial conditions Cy = 1 and C; = 3 (see more in [8} 9, [10} (11} (12} [13] 7} [14]]).

Tasci and Sevgi [15] introduced the bi-periodic Balancing numbers {B,(la’b)}nzo, defined

Braz. Elect. J. Math., Ttuiutaba, v.6, Jan/Dec 2025, p. 3/
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recursively by, for any two non-zero real numbers a and b,

B(()a,b) _ 07 B£a7b) _ 1’ B(a,b) —

n

,n> 1
6bB% — B ifnisodd * T ~ ()

n—2,

{ 6aB“Y — B“Y it nis even

Motivated by prior research and the notion of bi-periodic balancing numbers, we propose
to introduce and explore a new sequence, namely, the generalized bi-periodic Lucas-balancing
numbers, with arbitrary initial conditions.

This article is organized as follows: the next section defines the bi-periodic balancing num-
bers and the generalized bi-periodic Lucas-balancing numbers and discusses their properties.
Section [3] introduces the generating functions associated with these sequences. Section [ pro-
vides the Binet formulas for the two distinct cases. Section[5is focused on deriving various clas-
sical identities related to these sequences: Tagiuri-Vajda’s, d’Ocagne’s, Catalan’s, and Cassini’s
identities. Finally, some conclusions are stated.

2 The generalized bi-periodic Lucas-balancing numbers

In this section, we will introduce the bi-periodic Lucas-balancing numbers, and the generalized
bi-periodic Lucas-balancing numbers. Consider the following definition.

Definition 1. For any non-zero real numbers a, and b, the sequence of bi-periodic Lucas-
balancing {C’T({Z’b)}nzo is defined recursively by

6aC\™" — Y if nis even

e ,n>2. (2)
if n 1s odd

The first six elements of the bi-periodic Lucas-balancing numbers are present in Table I}

Table 1: bi-periodic Lucas-balancing

C(()a,b)

o 3

) 18a — 1

ol 108ab — 6b — 3

cleb) 648a2b — 36ab — 36a + 1

Ci*Y | 38884202 — 216ab? — 324ab + 12b + 3

when a = b = 1, we have the classic Lucas-balancing numbers. If we set a = b = k, for any
positive number, we get the k-Lucas-balancing numbers.

Braz. Elect. J. Math., Ttuiutaba, v.6, Jan/Dec 2025, p. 4 /
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Since Lucas-balancing numbers are given by the same recurrence relation of the Balancing
numbers but with different initial conditions, then these sequences can be extended to any initial
conditions, as defined below.

Definition 2. For any four real numbers a, b, ¢ and d, with a and b non-zero, the sequence of
generalized bi-periodic Lucas-balancing numbers { z, },,>¢ is defined recursively by

6az,—1 — Zn—a, if niseven
n n ) >2

zo=c¢ 21 =d, 2, = o n >
’ ’ 6bzy_1 — Zp_o, ifnisodd ’

The first five elements of the generalized bi-periodic Lucas-balancing numbers are exhibited
in Table

Table 2: generalized bi-periodic Lucas-balancing

20 ‘ 21 ‘ Z9 ‘ z3 ‘ Z4
¢ | d | 6ad—c | 36abd — 6bc — d | 216a*bd — 36abc — 12ad + ¢

Observe that when ¢ = 1, and d = 3 we have that {2, },>¢ = {Cfla’b)}nzo. If we set ¢ = 0,
and d = 1, we have that {2, }n=0 = {B{"" }.z0.
The next result follows directly from the Definition [2]

Proposition 1. The generalized bi-periodic Lucas-balancing sequence {z, },>o satisfies the fol-
lowing properties:
(@) 2o = (36ab — 2) 29,9 — Zon—4 ;

(b) zont1 = (36ab — 2)22n—1 — 22p—3 -

Proof. Using the recurrence relation for the generalized bi-periodic Lucas-balancing
numbers we can obtain:

Zon = 06aza,—1 — Zop—2

= 661(65227#2 - Z2n73) — Zopn—2

= 36abza,—2 — 6azop—3 — Z2n—2

= 36abzo,—2 — (6a22n—3 - 22n—4) — Z2n—2 — Z2n—4

= (36ab —2)zan-2 — 22n-1 -

This proves the item (a). The proof of item (b) is done similarly. O
As a consequence of the Proposition (I, when we subtract zy,, from 25,11, we obtain a ho-
mogeneous recurrence relation of 5th order.

Braz. Elect. J. Math., Ttuiutaba, v.6, Jan/Dec 2025, p. 5/



hv4
L Qc.mo

{

COSTA, E. A.; SPREAFICO, E. V. P; CATARINO, P. M. M. 6

Theorem 1. The generalized bi-periodic Lucas-balancing sequence {z,, }m>o satisfies the ho-

mogeneous recurrence relation
Zma1 = Zm + (36ab — 2) 21 — (36ab — 2) 21,2 — Zm—3 + Zm—4a, M > 4.

Proof. One way is in Proposition 1}, let us make a difference between (b) and (a), and
changing 2n by m. In a similar way, let us consider the difference between (a) and (b), and
change n by m + 1. [

Now, by considering the parity function {(n) = n — 2| 7], thatis, {(n) = 0 when n is even,
and {(n) = 1 when n is odd, we can rewrite Equation (2)) and establish another homogeneous
recurrence relation.

Lemma 1. The generalized bi-periodic Lucas-balancing numbers { z,, } >0 satisfy the following
properties:
Znps — 6a EEM 4 =0 (3)

3 Generating function

This section will provide the generating function for the generalized bi-periodic Lucas-
balancing numbers. First, consider the following auxiliary result.

Lemma 2. Let {22;_1};>1 be the generalized bi-periodic Lucas-balancing numbers so the gen-
. dx+(d—6bc)a?
1 —(36ab — 2)a2 + 24

erating function is 322, zy; 127~

Proof. Consider C(x) = >, zp; 12*/~". The formal power series representation of the
generating function for C'(z) is
o0
Clz) =znr+ 22"+ + 227 4 = 22%—1502]_1 :
j=1

By multiplying this series by (36ab— 2)x2, and x* respectively, we can get the following series;

(36ab — 2)z*C(x) = (36ab— 2)z2° + (36ab — 2)z32° + - - - + (36ab — 2)zg, 12> T 4 - .

oo
= (36&6—2) E Zgj_1$2j+1,
=1
and
oo
4 5 7 2r43 2j+3
2'C(x) = 22° + 232" + -+ 290 2P 4 = E 291700

=1

Braz. Elect. J. Math., Ttuiutaba, v.6, Jan/Dec 2025, p. 6 /
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Therefore, we can write
(1 — (36ab — 2)2* + z*)C(x)
= 2z + (23 — (36ab — 2)21)2” + (25 — (36ab — 2)z5 + 2 )2” + - - -
+(227«+1 - (36&[) — 2)22,“,1 —+ 227«,3>{172r+1 —+ ...
= ziz+ (23 — (36ab — 2)21)x3 .
Since 29,11 = (36ab — 2)22, 1 — 29,3, Proposition item (b). And we get

713+ (23 — (36ab — 2)21 ) 2®
1 —(36ab — 2)x? 4 24

C(z) =

Now using z; = d and z3 = 36abd — 6bc — d we get the result. [

Theorem 2. The generating function F'G,, (x) for the generalized bi-periodic Lucas-balancing
numbers {z, }n>o is

¢+ (d — 6bc)x + [6a(d — b) + 2¢(1 — 18ab)]z? + (18ab — 1)(12bc — 2d)z?
(1 —6bx + 22)(1 — (36ab — 2)x2 + x*)
[6d(a — b) + 36(b%*c — ad)|z* + (d — 6bc)z®
(1 —6bx + 22)(1 — (36ab — 2)22 + %)

FG,, (z) =

Proof. Consider F'G,, (z) the generating function for the generalized bi-periodic Lucas-
balancing. The formal power series representation of the generating function for F'G, () is

FG, (v) = 20+ 217 + 202° + -+ + 2,27 + -+ - zz,zja:j.
=0

By multiplying this series by 6bx and x? respectively, we can get the following series;

6bxF G, (z) = 6bzox + 6b212% + 6bzox® + - - - + 6bz,x” ™ + -+ = 6b Z zjp
=0
and
2’FG, (z) = 202° + 212 + 202 + -+ 22" 4. = Z zjp 2
=0

Braz. Elect. J. Math., Ttuiutaba, v.6, Jan/Dec 2025, p. 7/
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Therefore, we can write

(1 —6bz + 2*)FG,, (v)
= 29+ (21 — 6bzg)w + (20 — 6bzy + 20) 2% + -+ + (2p42 — 6b2,q 1 + 2)2 T2 -

= Zp+ (Zl — 6b20)l' + Z(Z’j — 6b2j71 + ijg).xj
j=2

= 2zy+ (Zl - 6b20)l’ + Z(Zgj — 6b22j_1 + Zgj_Q)JIQj .
j=1

According to Equation (2), we have zo,,1 = 6b2o, — 29,1, and 2o, = 6azs, 1 — 22,2, and

we get:

(1 —6bx +2°)FG,, (r) = 2+ (21 — 6bz)w + Z(ZQJ' — 6bzy; 1 + 295_2)T%

Jj=1

= 2o+ (21 — 6bzp)x + Z 6(a — b)z;_ 1%

j=1
= 2o+ (21 — 6bzg)x + 6(a — b)x Z 2pj_12 %! @)
j=1
In Equation (), we define as C'(z) = Z]‘)‘;l 25;_12%~1. Now using the Lemma 2 — ¢ and

21 = d, we get that

dz + (d — 6bc)z®

1 — 2F — _ — .
(1= 6be+a)FG, (x) = et (d=6be)o+6a—b)oy—me = e

Simplifying this, we have the generating function for the generalized bi-periodic Lucas-
balancing numbers F'G., (). O

4 The Binet formula

In this section, we will provide the Binet formula to the generalized bi-periodic Lucas-balancing
numbers. Recall the recurrence (3) with the characteristic polynomial associated to given by

22— g Mg , 11 =0, (5)

Denote the discriminant A = (6a'~¢(p¢(™)2 — 4 and consider A > 0. In this case, the roots
of the polynomial (3) are simple, and given by \; = w and \y = w.

Therefore, for A > 0 we can establish the following result.

Braz. Elect. J. Math., Ttuiutaba, v.6, Jan/Dec 2025, p. 8 /
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Proposition 2. For any four non-zero real numbers a, b, ¢ and d, with 6al=¢Mps) > 4 the
Binet formula for the generalized bi-periodic Lucas-balancing numbers is given by

_ ()" = )" +d((A)" = (M)")

Zp = : (6)
VA
where )\, = 8¢/ SV apq ), = Bal TS LVA
2 2 :
. 1-£(n) & (n) 1—£(n)pt(n) _ .
Proof. Since A > 0, then the roots 8&—" g YVA gpd 6ol g Y-VA are simple, and the

solution of z, is given by
Zn — t1(>\1)n + t2(>\2)n

Finally, the real numbers ¢; and ¢, that are solutions of the system of equations

tl + tz =C
ti(M)' +ta(M) =d

The system is equivalent to the matrix form:

() () -6)
()= ) ()

Since Ay — A\; = VA and \y\; = 1 thent; = c’\ﬁd and t, = d’—\/‘%’\l. Therefore, we have

or

C)\g—d d—C>\1
)"+
\/K ( 1)

Zn =

(A2)",

or equivalently,

O]

Now, suppose that A = 0, that is, 6a' ¢ (") = 4. In this case, the root of the polynomial
() is given by A = 3a'~¢(MpE(™) | By considering this case, we have the following result.

Proposition 3. For any four non-zero real numbers a, b, ¢ and d, with 6a'~¢™pé(") = 4, the
Binet formula for the generalized bi-periodic Lucas-balancing numbers is given by

Zn = (eA(1 —n) + nd)A\" ™, (7)

Braz. Elect. J. Math., Ttuiutaba, v.6, Jan/Dec 2025, p. 9/
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where \ = 3g!~¢mps(n)

Proof.  Since A = 0, then A = w The solution of z, is given by

Zn = (tl + ntg))\"

where ¢, and ¢, are solutions of the system of equations,

tlzc
(t) +ta)N =d

or, {1 = cand t, = ¢ — c. Therefore, z, = (t1 + nt2) A" = (c+ n($ — ¢))A\" = (cA(1 —n) +

nd) A", 0

5 Some identities

In this section, we will provide some identities for the generalized bi-periodic Lucas-balancing
numbers by considering the Binet formulas for the generalized bi-periodic Lucas-balancing
numbers.

5.1 Thecaseof A >0

First, consider the Binet formula with A > 0, namely, Proposition@ Next, we establish Tagiuri-
Vajda’s identity for the generalized bi-periodic Lucas-balancing numbers.

Theorem 3. Forn,k,r € Z,
ZntkZnar — ZnZnikar = titg(ANJTRNDTT o NOFT\DHR _ \RADFRET _\THRETADY L (8)

Proof. Applying Binet’s formula, namely, Equation (6)) and with straightforward calcula-
tions, we obtain

Zn4-kZn4r
= (AT + A5 (G ()™ + 1a(A)™T)

= AR L N g (AT 4 ATTTALTE)
and

“nlntk+r
_ (tl)\? + ng/\g)(il (>\1>n+k+r 4 t2(>\2)n+k+r>

_ t%)\%nﬁ—k-&-r + tg)\%n+k+r + tth(/\rlz)\gL-i-k—i-r + /\711+k+r)\721) ]

Braz. Elect. J. Math., Ituiutaba, v.6, Jan/Dec 2025, p. 10/



(')o
A4 A note on the generalized bi-periodic Lucas-balancing numbers 11
Then,
“ntkindr — Enfntktr
— tth(/le-k)\gM’ + /\111—&-7")\34-14: _ /\711/\721+k+r _ )\711+k+r)\721) ’
which proves Equation (8. O

As consequences of Tagiuri-Vajda’s identity, the last results establish, respectively,
d’Ocagne’s identity, Catalan’s identity and Cassini’s identity for the generalized bi-periodic
Lucas-balancing numbers.

Proposition 4 (d’Ocagne’s identity). For m > n € Z, then
Zn+12m — Znm+1 = 0.

Proof.  Consider r = m — n and k = 1 in Equation (8)), then

Zn+12m — Anim+1
bt (AN ATAGTE = APATHE — APFIAD)
= BN (M + A — A — M) =0,

which proves the result. [
Proposition 5 (Catalan’s identity). For n,r € Z then

ZnikZnt — (20)7 = tita ATPALTF (AT — M) )
Proof.  Taking r = —Fk in Equation (8)), we have that

Zn+kfn—k — zfl
= it (ATTNSTE  XTTEASTE — AL — ATAD)
= ttATTEATTR AT+ NS — 200X5)
= ttATTEATTROA] = A5)2

O

As a consequence of Catalan’s identity, by doing & = 1 in (9)), we have the following result.

Corollary 1 (Cassini’s identity). For all n € Z then

Zn+1”fn—1 — ZZ = tltg)\?_lkg_l(kl — )\2)2 .

Braz. Elect. J. Math., Ttuiutaba, v.6, Jan/Dec 2025, p. 11/
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5.2 Thecaseof A =0

Now consider the Binet formula with A = 0, namely, Proposition [3f Making A(n) = (¢ +

n($ — ¢), we rewrite the Equation (7) and denote the solution by

zn = A(n) - A" (10)

Next, we establish the second Tagiuri-Vajda’s identity for the generalized bi-periodic Lucas-
balancing numbers.

Theorem 4. Forn,k,r € Z,
ZnihZntr — Innpher = (AN +Ek)A(n+ 1) — An)A(n +k + 7)) X200 (1)
Proof.  Applying Binet’s formula, namely, Equation (10), and by a direct calculation, we get

Zn+kRn+r — nlntk+r
= An+k)- AR An+r)- A A(n) - A" Aln+k+r)- Ntk
= (A(n+k)A(n+r) — A(R)A(n+ k + 7)) N>

which proves the result. 0

As a consequences of Tagiuri-Vajda’s identity @] the d’Ocagne’s identity, Catalan’s identity
and Cassini’s identities for the generalized bi-periodic Lucas-balancing numbers are established
next.

Proposition 6 (Second d’Ocagne’s identity). For m > n € Z then
Znt12m — ZnZma1 = (A(n+1)A(m) — A(n)A(m + 1)) A"+

Proof. Tt suffices to consider » = m — n and k = 1 in Equation (T1). O

Proposition 7 (Second Catalan’s identity). For n,r € Z then
Znikzn—t — (20)? = (A(n + k)A(n — k) — A(n)*)\*" .

Proof.  We get the result by taking » = —k in Equation (TT). O
Now, making £ = 1, we obtain the next result.

Corollary 2 (Second Cassini’s identity). For all n € 7 then

Zn4lZn_1 — 22 = (A(n +1HAn—-1) — A(n)2))\2” )

Braz. Elect. J. Math., Ttuiutaba, v.6, Jan/Dec 2025, p. 12/
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6 Conclusions

This study has introduced a new generalization of the Lucas-balancing numbers, referred to as
the generalized bi-periodic balancing numbers. We derived the generating function for this new
family of sequences and established the Binet formulas, as well as several classical identities,
including those by Tagiuri-Vajda, d’Ocagne, Catalan, and Cassini. It seems to us that the results
presented here are new in the literature.
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